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Abstract

We study the problem of findinglowest common ancestors(LCA) in trees anddirected acyclic graphs
(DAGs). Specifically, we extend the LCA problem to DAGs and study the LCA variants that arise i
general setting. We begin with a clear exposition of Berkman and Vishkin’s simple optimal algorith
LCA in trees. Their ideas lay the foundation for our work on LCA problems in DAGs. We prese
algorithm that finds all-pairs-representative LCA in DAGs iñO(n2.688) operations, provide a transitive
closure lower bound for the all-pairs-representative-LCA problem, and develop an LCA-existence alg
that preprocesses the DAG in transitive-closure time. We also present a suboptimal but practicaO(n3)

algorithm for all-pairs-representative LCA in DAGs that uses ideas from the optimal algorithms in
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and DAGs. Our results reveal a close relationship between the LCA, all-pairs-shortest-path, and tra
closure problems.

We conclude the paper with a short experimental study of LCA algorithms in trees and DAG
experiments and source code demonstrate the elegance of the preprocessing-query algorithms fo
trees. We show that for most trees the suboptimalΘ(n logn)-preprocessingΘ(1)-query algorithm should
be preferred, and demonstrate that our proposedO(n3) algorithm for all-pairs-representative LCA in DAG
performs well in both low and high density DAGs.
 2005 Elsevier Inc. All rights reserved.

Keywords:Lowest common ancestor (LCA); Directed cyclic graph (DAG); Range minimum query (RMQ); Shorte
path; Cartesian tree

1. Introduction

One of the fundamental algorithmic problems on trees is how to find thelowest common
ancestor(LCA) of a given pair of nodes. The LCA of nodesu andv in a tree is the ancestor ofu

andv that is located farthest from the root. The LCA problem is stated as follows: Given a r
treeT , how canT be preprocessed to answer LCA queries quickly for any pair of nodes?
LCA problem has been studied intensively both because it is inherently beautiful and b
fast algorithms for the LCA problem can be used to solve other algorithmic problems.

In this paper we introduce a natural extension of the LCA problem to directed cyclic g
(DAGs), and we study the LCA variants that arise. Many combinatorial problems that re
finding nearest common ancestors cannot be solved using the tree-LCA algorithm beca
ancestor queries apply to more complicated directed structures. Nykänen and Ukkonen [2
a linear-time preprocessing, constant-time-query algorithm for the LCA in arbitrarily dir
trees. They ask whether it is possible to preprocess a DAG ino(n3) to supportΘ(k)-time set-
LCA queries, where a set-LCA query returns allk lowest common ancestors of the given pair
compiler design, the idea of preprocessing the object-inheritance taxonomy for fast LCA q
was introduced by Ait-Kaci et al. [1]. They consider the problem of LCA on lattices and l
semi-lattices (where a node pair has a unique LCA), which are used to represent inhe
graphs. Ducournau, Habib, Huchard, and Spinrad [11,17] consider the problem of finding
ular coverings in inheritance graphs (the LCA can be used to find a maximum covering)
objective is to decompose lower semi-lattices into modules that can be queried faster.

We develop algorithms for efficiently answering lowest-common-ancestor queries in D
An LCA w of nodesu andv in a DAG is an ancestor of bothu andv wherew has no descendan
that are also ancestors of bothu andv. We present ano(n3) all-pairs algorithm for answerin
representative lowest-common-ancestor queries on DAGs in constant time. Our algorithm
the firsto(n3) preprocessing algorithm for constant time LCA queries in lower semi-lattice
is an open question whether our approach can be extended to answer the more general
question posed by Nykänen and Ukkonen.

Lowest-common-ancestor queries in general DAGs appear in a variety of applications,
ing the following:

• Object inheritance in programming languages.Object-oriented programming languag
such as C++ and Java provide object inheritance, whose structure is analyzed in
stages of compilation and execution. Objects are instances of classes organized in
order, and their inheritance depends on the temporal order in which the objects are d
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The idea of formalizing object inheritance in lattice-theoretic terms has been propos
[1,12,13,16,18,21,24] and others. The LCA operation is central to such object inher
formalizations because it is the natural method to resolve object dependence.

• Lattice operations for complex systems.Algorithms on lattices are used to model the dynam
and static behavior of complex systems arising in distributed computing [8,20,22].
queries arise in computing the covering of maximal ideal lattices.

1.1. Results

We show how to preprocess the DAG to answer queries in constant time about whethe
x andy have a common ancestor. We improve on the naïveO(n3) algorithm and present a
Õ(nω) algorithm, whereω ≈ 2.376 is the exponent of the fastest known matrix-multiplicat
algorithm of Coppersmith and Winograd [10].5

We give an algorithm that solves the all-pair representative-LCA problem for DAG
Õ(n(ω+3)/2) ≈ Õ(n2.688) time by establishing a relationship between the LCA and the all-p
shortest-path problem. The best known preprocessing algorithm for lower semi-lattices
O(n3) operations forO(log2 n) queries [1]. Lower semi-lattices have a unique LCA for e
node pair, and our all-pair representative-LCA algorithm is the first to find all-pairs LCA
lower semi-lattices ino(n3). We also show a complementary lower bound for the all-pairs L
in DAGs by giving a reduction from the transitive-closure problem.

We show a chain of reductions between the all-pairs-LCA problem, the all-pairs-sho
path problem, the transitive-closure problem, and variants of these problems. Spec
we reduce the all-pairs-representative-LCA problem to the all-pairs-shortest-path pro
the transitive-closure problem to the all-pairs-representative-LCA problem, and the all-
common-ancestor-existence problem to the transitive-closure problem. This relationship i
in Fig. 1.

Fig. 1. Reduction chain of problems investigated in this paper. Arrows are in the reduction direction.

5 We say thatf (n) = Õ(g(n)) if ∃c such thatf (n) = O(g(n) logc n), andf (n) = Θ̃(g(n)) if ∃c such thatf (n) =
Θ(g(n) logc n).
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We present a simple optimal LCA algorithm for trees, which is just a sequentialization
more complicated PRAM algorithm of Berkman and Vishkin [4]. This algorithm was know
Berkman and Vishkin and is not a novel theoretical contribution. In an appendix we pres
experimental study, comparing the algorithm with a naïve algorithm and an efficient but a
totically suboptimal algorithm. Through this presentation, we lay to rest the folk belief that
is too complicated to teach and implement.

We introduce an easily implementable LCA algorithm for DAGs. Like the tree-LCA a
rithms, this algorithm answers LCA queries by answering RMQ queries. We compare th
algorithm to an intelligent straightforward algorithm and to an algorithm based on the t
tive closure. The straightforward algorithm outperforms the transitive-closure-based alg
for sparse DAGs, whereas the transitive-closure-based algorithm outperforms the stra
ward algorithm for dense DAGs. Our algorithm does not guarantee better asymptotic be
however it impressively outperforms the other two on all our test instances. Thus, the to
optimal LCA in trees seem useful for constructing good LCA algorithms for DAGs.

1.2. Organization

The paper is organized as follows. In Section 2 we present Berkman and Vishkin’s simp
LCA algorithm [4]. In Section 3 we define the lowest common ancestors in DAGs. In Sec
we present an efficient algorithm to determine common-ancestor existence. Then we
an o(n3) algorithm and a near-matching lower bound for the all-pairs-LCA problem. Fin
in Appendix A we present experimental comparisons of several LCA algorithms for tree
DAGs.

2. LCA in trees

Tarjan [26] was the first to study the LCA problem in trees, and he considered both i
line and online settings. Harel and Tarjan gave important upper and lower bounds for th
problem [19]. In 1984 Gabow et al. [14] showed that the LCA problem was linearly equiv
to the (one-dimensional) Range Minimum Query problem, which will be further discuss
this section. Gabow, Bentley, and Tarjan were concerned with multidimensional range sea
and did not present an optimal solution to the LCA problem but their work provides the
for much of this section. In 1988 Schieber and Vishkin [25] introduced an LCA algorithm
optimal asymptotic bounds. Berkman and Vishkin [4] presented a PRAM algorithm tha
Θ(n) operations to preprocess the tree for answering queries inO(α(n)) time. The main techni
cal difficulty of their work is in achieving the parallel bounds, and the sequential LCA algo
presented in this section was known to them but omitted from their manuscript. An optim
namic algorithm was given by Cole and Hariharan [9]. Other LCA algorithms on trees c
found in [5,27,28].

The folk wisdom of algorithm designers holds that the LCA problem still has no im
mentable optimal solution. Thus, according to hearsay, it is better to have a solution to a p
that does not rely on LCA precomputation if possible. We argue that this folk wisdom is w
Stripped of its PRAM complications, Berkman and Vishkin’s sequential algorithm is not o
simplifiedLCA algorithm, but asimpleLCA algorithm.

The key to the algorithm lies in the work of Gabow et al. [14]. The Range Minimum Q
problem turns out to have a cute solution using standard ideas such as table lookups (
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[15]). This was the approach of Berkman and Vishkin [4] in their PRAM algorithm, and
optimal sequential LCA algorithm is an elegant and direct application of these ideas.

2.1. Algorithms for LCA in trees

We begin by defining theLowest Common Ancestor(LCA) Problem in trees formally; see
Fig. 2.

Problem 2.1. TheLowest Common Ancestor (LCA)problem:
Structure to preprocess: A rooted tree T having n nodes.
Query: For nodesu andv of treeT , queryLCAT (u, v) returns the lowest common ancestor ou
andv in T , that is, it returns the node farthest from the root that is an ancestor of bothu andv.
(When the context is clear, we drop the subscriptT on theLCA.)

TheRange Minimum Query(RMQ) Problem, which seems quite different from the LCA pro
lem, is, in fact, intimately linked.

Problem 2.2. TheRange Minimum Query (RMQ)problem:
Structure to preprocess: A length n array A of numbers.
Query: For indicesi andj between1 andn, queryRMQA(i, j) returns the index of the smalle
element in the subarrayA[i, . . . , j ]. (When the context is clear, we drop the subscriptA on the
RMQ.)

In order to simplify the description of algorithms that have both preprocessing and
complexity, we introduce the following notation. If an algorithm has preprocessing timef (n)

and query timeg(n), we will say that the algorithm has complexity〈f (n), g(n)〉.
Solutions to the LCA problem are derived from solutions to the RMQ problem. Thus, b

proceeding, we present the reduction from the LCA problem in trees to the RMQ proble
given by Gabow et al. [14]. The following simple lemma establishes this reduction.

Lemma 2.3. If there is an(f (n), g(n))-time solution for RMQ, then there is an〈f (2n − 1) +
O(n), g(2n − 1) + O(1)〉-time solution for LCA.

Fig. 2. The common ancestors of nodesx andy are marked in boldface. The LCA(x, y) is the common ancestor ofx
andy that is farthest away from the root.
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As we will see, theΘ(n) term in the preprocessing comes from the time needed to crea
soon-to-be-presented length 2n − 1 array, and theΘ(1) term in the query comes from the tim
needed to convert the RMQ answer on this array to an LCA answer in the tree.

Proof. Let T be the input tree. The reduction relies on one key observation:

Observation 2.1. The LCA of nodesu andv is the shallowest node encountered between
visits tou and tov during a depth first search traversal ofT .

Therefore, the reduction proceeds as follows.

(1) Let arrayE[1, . . . ,2n − 1] store the nodes traversed in an Euler tour of the treeT .6 That is,
E[i] is the label of theith node traversed in the Euler tour ofT .

(2) Let thelevelof a node be its distance from the root. Compute the level arrayL[1, . . . ,2n−1],
whereL[i] is the level of nodeE[i] of the Euler tour.

(3) Let therepresentativeof a node in an Euler tour be the index of first occurrence of the no
the tour7; formally, the representative ofi is min{j : E[j ] = i}. Compute the representati
arrayR[1, . . . , n], whereR[i] is the representative of nodei.

Each of these three steps takesΘ(n) time, yieldingΘ(n) total time. To computeLCAT (x, y),
we note the following:

• The nodes in the Euler tour between the first visits tou and tov areE[R[u], . . . ,R[v]] (or
E[R[v], . . . ,R[u]]).

• The shallowest node in this subtour is at indexRMQL(R[u],R[v]), sinceL[i] stores the leve
of the node atE[i], and the RMQ will thus report the position of the node with minim
level. (Recall Observation 2.1.)

• The node at this position isE[RMQL(R[u],R[v])], which is thus the output ofLCAT (u, v).

Thus, we can complete our reduction by preprocessing level arrayL for RMQ. As promised
L is an array of size 2n − 1, and building it takes timeΘ(n). Thus, the total preprocessing
f (2n − 1) + Θ(n). To calculate the query time observe that an LCA query in this reduction
one RMQ query inL and three array references atΘ(1) time each. The query thus takes tim
g(2n − 1) + Θ(1), and we have completed the proof of the reduction.�

From now on, we focus only on RMQ solutions. We consider solutions to the general
problem as well as to an important restricted case suggested by the arrayL. In arrayL from the
above reduction adjacent elements differ by+1 or −1. We obtain this±1 restriction because
for any two adjacent elements in an Euler tour, one is always the parent of the other, and
levels differ by exactly one. Thus, we consider the±1RMQ problem as a special case.

6 The Euler tour ofT is the sequence of nodes we obtain if we write down the label of each node each tim
traversed during a DFS. The array of the Euler tour has length 2n − 1 because we start at the root and subseque
output a node each time we traverse an edge. We traverse each of then − 1 edges twice, once in each direction.

7 In fact, any occurrence ofi will suffice to make the algorithm work, but we consider the first occurrence for the
of concreteness.
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2.2. A naïve solution for RMQ

RMQ has a solution with complexity〈Θ(n2),Θ(1)〉: build a table storing answers to all of th
n2 possible queries. To achieveΘ(n2) preprocessing rather than theO(n3) naïve preprocessing
apply a trivial dynamic program. Answering an RMQ query now requires just one array lo

2.3. A faster RMQ algorithm

We will improve the〈Θ(n2),Θ(1)〉-time brute-force table algorithm for (general) RMQ. T
idea is to precompute each query whose length is a power of two. That is, for everyi between 1
andn and everyj between 1 and logn, we find the minimum element in the block starting ai
and having length 2j , that is, we computeM[i, j ] = min{A[k]: k = i, . . . , i + 2j − 1}. TableM

therefore has sizeΘ(n logn), and we fill it in timeΘ(n logn) by using dynamic programming
Specifically, we find the minimum in a block of size 2j by comparing the two minima of it
two constituent blocks of size 2j−1. More formally,M[i, j ] = M[i, j − 1] if A[M[i, j − 1]] �
A[M[i + 2j−1 − 1, j − 1]] andM[i, j ] = M[i + 2j−1, j − 1] otherwise.

How do we use these blocks to compute an arbitraryRMQ(i, j)? We select two overlappin
blocks that entirely cover the subrange: let 2k be the size of the largest block that fits into t
range fromi to j , that is letk = �log(j − i +1)�. ThenRMQ(i, j) can be computed by comparin
the minima of the following two blocks:i to i + 2k − 1(M(i, k)) andj − 2k + 1 to j (M(j −
2k + 1, k)). These values have already been computed, so we can find the RMQ in co
time.

This gives theSparse Table(ST) algorithm for RMQ, with complexity〈Θ(n logn),Θ(1)〉.
The table is indexed using a〈distance, array index〉 tuple. Notice that the total computation
answer an RMQ query involves two subtractions, two 2-dimensional array references, a
mum and a truncated-log operation. The truncated-log operation does not require a table
in most modern processors, and can be seen as finding the most significant bit of a word
that we must have at least one array indexing operation in our algorithm, since Harel an
jan [19] showed that a pointer-algorithm LCA computation has a lower bound of�(log logn)

operations.
Below, we will use the ST algorithm to build an even faster algorithm for the±1RMQ prob-

lem.

2.4. A〈Θ(n),Θ(1)〉-time algorithm for±1RMQ

Suppose we have an arrayA with the±1 restriction. We will use a table-lookup technique
precompute answers on small subarrays, thus removing the log factor from the preproces
this end, partitionA into blocks of size 1/2 · logn. (Without loss of generality assume logn is
even.) Define an arrayA′[1, . . . ,2n/ logn], whereA′[i] is the minimum element in theith block
of A. Define an equal size arrayB, whereB[i] is a position in theith block in which valueA′[i]
occurs. Recall that RMQ queries return the position of the minimum and that the LCA to
reduction uses the position of the minimum, rather than the minimum itself. Thus, we wi
arrayB to keep track of where the minima inA′ came from.

The ST algorithm runs on arrayA′ in time 〈Θ(n),Θ(1)〉. Having preprocessedA′ for RMQ,
consider how we answer any queryRMQ(i, j) in A. The indicesi andj might be in the same
block, so we have to preprocess each block to answer RMQ queries. Ifi < j are in different
blocks, then we can answer the queryRMQ(i, j) as follows. First compute the values:
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(1) The minimum fromi forward to the end of its block.
(2) The minimum of all the blocks in betweeni ’s block andj ’s block.
(3) The minimum from the beginning ofj ’s block toj .

The query will return the position of the minimum of the three values computed. The s
minimum is found in constant time by an RMQ onA′, which has been preprocessed using
ST algorithm. But, we need to know how to answer range minimum queries inside blo
compute the first and third minima, and thus to finish off the algorithm. Thus, the in-block q
are needed whetheri andj are in the same block or not. (Ifi andj are not in the same bloc
prefix minima and suffix minima suffice.)

Therefore, we focus now only on in-block RMQs. If we simply performed RMQ preproc
ing on each block, we would spend too much time in preprocessing. If two block were ide
then we could share their preprocessing. However, it is too much to hope for that blocks wo
so repeated. The following observation establishes a much stronger shared-preprocessi
erty.

Observation 2.2. If two arraysX[1, . . . , k] andY [1, . . . , k] differ by some fixed value at eac
position, that is, there is ac such thatX[i] = Y [i] + c for everyi, then all RMQ answers will be
the same forX andY . In this case, we can use the same preprocessing for both arrays.

Thus, we cannormalizea block by subtracting its initial offset from every element. We n
use the±1 property to show that there are few kinds of normalized blocks.

Lemma 2.4. There areΘ(
√

n ) kinds of normalized blocks.

Proof. Adjacent elements in normalized blocks differ by+1 or −1. Thus, normalized block
are specified by a±1 vector of length(1/2 · logn) − 1. There are 2(1/2·logn)−1 = Θ(

√
n ) such

vectors. �
We are now basically done. We createΘ(

√
n ) tables, one for each possible normalized blo

In each table, we put all(1/2 · logn)2 = Θ(log2 n) answers to all in-block queries. This giv
a total ofΘ(

√
n log2 n) total preprocessing of normalized block tables, andΘ(1) query time.

Finally, compute, for each block inA, which normalized block table it should use for its RM
queries. Thus, each in-block RMQ query takes a single normalized-block table lookup.

Overall, the total space and preprocessing used for normalized block tables andA′ tables is
Θ(n) and the total query time isΘ(1).

2.5. Wrapping up

We started out by showing a reduction from the LCA problem to the RMQ problem, but
the key observation that the reduction actually leads to a±1RMQ problem.

We gave a trivial〈Θ(n2),Θ(1)〉-time table-lookup algorithm for RMQ, and show how
sparsify the table to get a〈Θ(n logn),Θ(1)〉-time table-lookup algorithm. We used this lat
algorithm on a smaller summary arrayA′ and needed only to process small blocks to finish
algorithm. Finally, we notice that most of these blocks are the same, from the point of v
the RMQ problem, by using the±1 assumption given by the original reduction.
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2.6. A fast algorithm for RMQ

We have a〈Θ(n),Θ(1)〉 ±1RMQ. Gabow and Tarjan [15] show that the general RMQ ca
solved in the same complexity. They do this by reducing the RMQ problem to the LCA pro
Thus, to solve a general RMQ problem, one would convert it to an LCA problem and then
to a±1RMQ problem.

The following lemma and proof from [15] establishes the reduction from RMQ to LCA.

Lemma 2.5. If there is a〈Θ(n),Θ(1)〉 solution for LCA, then there is a〈Θ(n),Θ(1)〉 solution
for RMQ.

We will show that theΘ(n) term in the preprocessing comes from the time needed to
the Cartesian tree ofA and theΘ(1) term in the query comes from the time needed to con
the LCA answer on this tree to an RMQ answer onA.

Proof. Let A[1, . . . , n] be the input array.
The Cartesian tree of an array is defined as follows. The root of a Cartesian tree is th

mum element of the array, and the root is labeled with the position of this minimum. Rem
the root element splits the array into two pieces. The left and right children of the root a
recursively constructed Cartesian trees of the left and right subarrays, respectively.

A Cartesian tree can be built in linear time as follows. SupposeCi is the Cartesian tree o
A[1, . . . , i]. To build Ci+1, we notice that nodei + 1 will be at the end of the rightmost pa
of Ci+1, so we climb up the rightmost path ofCi until finding the position wherei + 1 belongs.
Each comparison either adds an element to the rightmost path or removes one, and ea
can only join the rightmost path and leave it once. Thus the total time to buildCn is Θ(n).

The reduction is as follows.

• Let C be the Cartesian tree ofA. Recall that we associate with each node inC the corre-
sponding toA[i] with the indexi.

Claim 2.1. RMQA(i, j) = LCAC(i, j).

Proof. Consider the lowest common ancestor,k, of i andj in the Cartesian treeC. In the re-
cursive description of a Cartesian tree,k is the first node that separatesi and j . Thus, in the
arrayA, elementA[k] is between elementsA[i] andA[j ]. Furthermore,A[k] must be the small
est such element in the subarrayA[i, . . . , j ] since otherwise, there would be a smaller elemenk′
in A[i, . . . , j ] that would be an ancestor ofk in C, andi andj would already have been separa
by k′.

More concisely, sincek is the first element to spliti andj , it is between them because it spl
them, and it is minimal because it is the first element to do so. Thus it is the RMQ.�

We see that we can complete our reduction by preprocessing the Cartesian treeC for LCA.
TreeC takes timeΘ(n) to build, and becauseC is ann node tree, LCA preprocessing takesΘ(n)

time, for a total ofΘ(n) time. The query then takesΘ(1), and we have completed the proof
the reduction. �
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3. Definitions for LCA in DAGs

We now present two equivalent definitions for the LCA in DAGs; see Fig. 3. For the sp
case where the DAG is a tree, we obtain the standard tree-LCA definition.

Definition 3.1. Let G = (V ,E) be a DAG, and letx, y ∈ V . Let Gx,y be the subgraph ofG
induced by the set of all common ancestors ofx andy. DefineSLCA(x, y) to be the set of out
degree 0 nodes (leafs) inGx,y . The lowest common ancestors ofx andy are the elements o
SLCA(x, y).

Observe that there may be as many as|V | − 2 distinct lowest common ancestors of a given p
of nodes in DAGs, whereas the LCA in trees is unique.

We introduce some terminology. Amaximum elementin a partially ordered set is an eleme
m such that no member of the set is greater thanm. The transitive closureGtr = (V ,Etr ) of a
DAG G = (V ,E) is a graph such that(i, j) ∈ Etr if and only if there is a path fromi to j in G.
The transitive closure of any DAGG forms a partially ordered set.

Ait-Kaci et al. [1] describe the LCA is in terms of partially ordered sets.

Definition 3.2. For any DAGG = (V ,E), we define the partially ordered setS = (V ,�) as
follows: elementi � j if and only if i = j or (i, j) is in the transitive closureGtr of G.
Let SLCA(x, y) be the set of the maximum elements of the common ancestor set{z | z � x ∧
z � y} ⊆ V . The lowest common ancestors ofx andy are the elements ofSLCA(x, y).

We answer LCA queries by returning arepresentative elementfrom SLCA(x, y). Typically,
we find the representative LCA that is closest tox andy in the DAG. This closest element
useful in applications such as genealogy. In many common applications such as algorit
semi-lattices, the set LCA consists of a single element.

We identify the representative element by defining thedepthof a nodex. Note that the fol-
lowing depth definition applies to both positive weighted and unweighted edges.

Definition 3.3. The depth of nodex in a DAG, depth(x), is the length of the longest path from
source tox.

Fig. 3. The common ancestors of nodesx andy appear shaded. The setSLCA(x, y) is composed of all common ancesto
of x andy with no common ancestor descendants. The lowest common ancestors ofx andy (appear lightly shaded) ar
exactly the elements ofSLCA(x, y).
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Based on node depth, we find an LCA using the following lemma:

Lemma 3.1. The node of greatest depth in a DAG that is an ancestor of bothx andy is a lowest
common ancestor ofx andy.

4. Finding all-pairs LCA in DAGs

We first give an algorithm for the all-pairs-common-ancestor-existence problem in D
Then we give an algorithm for the all-pairs-representative-LCA problem. We conclude th
tion by showing that the all-pairs-LCA problem is transitive-closure hard.

In our algorithms we compute the answers to all
(
n
2

)
queries in the preprocessing sta

Then we answer queries by performing table lookups. We show how to build the b
common-ancestor-existence matrix iñO(nω) operations and the representative-LCA ma
in Õ(n(ω+3)/2) operations. The fastest known matrix-multiplication algorithm to date run
O(nω) where,ω ≈ 2.376 [10]. Thus, our all-pairs-common-ancestor-existence algorithm ru
time Õ(n2.376), and our all-pairs-representative-LCA algorithm runs in timeÕ(n2.688).

4.1. The common-ancestor-existence algorithm

Pairs of nodes in a DAG may not have any common ancestors, in contrast to pairs of
in a tree. Here we show how to determine whether two nodes share common ancestors
representative-LCA computation, we can then assume that LCA existence has been verifi

The preprocessing step consists of a transitive-closure computation on a graphF , which is
constructed fromG as follows: Reverse the edges inG to form the DAGG′. Combine these
two graphs by merging the sinks ofG′ with the sources ofG. We call the resulting graphF ;
see Fig. 4. Every vertexv′ in F − G is a reflection of somev in G. The nodesx andy have a
common ancestor if and only if(x′, y) is in the transitive closure ofF .

Thus, we obtain the following theorem:

Theorem 4.1. The ancestor-existence matrix can be computed in transitive-closure time.

4.2. The all-pairs LCA algorithm

We solve the LCA problem by exploiting the close relationship between the LCA an
pairs-shortest-path problems. By computing shortest paths, we can isolate a sublinear nu
potential LCA nodes, from which we choose the node of greatest depth, which by Lemma
an LCA.

Fig. 4. Doubling the DAG by reflecting through the sources. The original graph has bold edges.
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In trees, the depth ofLCA(x, y) and the distance between the nodes dist(x, y) are related a
follows:

dist(x, y) = depth(x) + depth(y) − 2 depth
(
LCA(x, y)

)
. (1)

This relationship holds in trees because of the following two properties:

Property 1. The orderx � y implies thatdepth(x) � depth(y).

Property 2. For x � y, the length of the shortest path fromx to y is depth(y) − depth(x).

We define anancestral pathfrom x to y in G as a path that is composed of the shortest p
from x up to some common ancestorz concatenated with the shortest path fromz down toy.
The path fromx to z goes against the directions of the edges, and the path fromz to y goes along
the direction of the edges.

We construct a weighted DAGL, which reduces the representative-LCA problem to
shortest-path problem. The DAGL is constructed in two stages. First we add weights toG

so that Properties 1 and 2 hold inG and so thatno two nodes have the same depth.We use the
weighted DAGG to construct weighted DAGL so that the ancestral paths inG are exactly the
paths inL. Finding the length of the shortest path inL determines the depth of the representa
LCA. Since no two nodes have the same depth, knowing the depth of the representativ
uniquely determines the representative LCA.

We assign edge weights inG as follows. We begin by calculating node depths in the
weighted version ofG according to Definition 3.3; thus Property 1 is satisfied. Then we fi
linear extension as follows: We sort all the nodes in the (unweighted) graphG by their depth,
arbitrarily breaking ties. Each node’s order in this linear extension will be itsnewdepth. Then
we assign weights to all edges inG according to Property 2 to achieve the desired node de
Specifically, given(u, v) ∈ E we setweight(v) = depth(v) − depth(u). This weight assignmen
guarantees that Properties 1 and 2 hold and that no two nodes have the same depth.

Next we show that the farthest common ancestor from the root is an LCA. We do so by
ing the setSLCA(x, y) and proving that it is a subset ofSLCA(x, y). Note that in our constructio
SLCAh(x, y) contains a single element.

Definition 4.1. Let SLCAh(x, y) be the set of common ancestors ofx andy that have greates
depth. AnLCAh(x, y) is an element ofSLCAh(x, y).

Lemma 4.1. The set of common ancestors of greatest depth is a subset of the set of
common ancestors. That is,SLCAh(x, y) ⊆ SLCA(x, y).

Now we construct the weighted DAGL from the weighted DAGG. Let G′ = (V ′,E′) be
the graph constructed fromG by reversing all edges inG. We combineG andG′ by adding a
zero-weight edge(v′, v) for all v′ ∈ G′ andv ∈ G. The resulting graph isL; see Fig. 5. This
construction ensures that the ancestral paths inG are maintained inL. We show in the following
lemma that the shortest path fromx′ to y goes through theLCAh(x, y):

Lemma 4.2. The shortest path from nodex′ to nodey in graphL goes through theLCAh(x, y).

Proof. We assume thatx andy have a common ancestor inG and therefore that such a pa
exists inL. If x is a descendant ofy, the length of the shortest path fromx′ to y (it goes
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Fig. 5. The original DAGG is on the left. On the right we showL constructed fromG.

throughy′) is depth(x) − depth(y). Theny is the onlyLCA(x, y) in G and the lemma holds
Otherwise, any path fromx′ to y must go through some common ancestorz and be of the form
x′, . . . , z′, z, . . . , y, which is of length depth(x) + depth(y) − 2 depth(z). The shortest path then
passes through the common ancestor of greatest depth which is theLCAh(x, y). �

We use the all-pair approximate shortest path algorithm given by Zwick [29] to approx
the depth of the representative LCA. We choose this approximation algorithm because nõ(n3)

exact all-pairs shortest path algorithm is known for DAGs with large weights, andL may have
edge weights as large asn − 1. Zwick’s algorithm approximates the shortest path to within 1+ ε

usingÕ((nω/ε) log(W/ε)) operations, whereW is an upper bound for the weight of the great
edge. Given the approximate shortest path we deduce the approximate depth of the LC
Eq. (1).

Once we know the approximate depth of the LCA, we sift through the candidates t
the LCA itself. Since depths are unique and the shortest path can have length at mostn − 2,
there areΘ(εn) LCA candidates of consecutive depths. In order to sift through the candi
we precompute the transitive closure ofL to determine ancestry relation in constant time.
choose the LCA candidate of greatest depth that is a common ancestor.

We optimize the value forε. Since there areΘ(n2) pairs, and each pair requires exam
ing Θ(εn) nodes to find the common ancestor of greatest depth, we expendΘ(εn3) work to
find the LCAs after we are given the all-pairs-approximate-shortest-path matrix. Computin
pairs-approximate-shortest path requiresÕ((nω/ε) log(W/ε)) operations. Modulo logarithmi
terms, we optimize forε by equating terms and settingε = n(ω−3)/2. Given this value forε, our
algorithm runs in timẽO(n(ω+3)/2). We obtain the following theorem:

Theorem 4.2. An all-pairs-LCA matrix for a DAGG can be found iñO(n(ω+3)/2) time.

Proof. Observe that theL has no edge weights greater thann sincen is the depth of the deepe
node in the graph. We setε = n(ω−3)/2 which leads to a running time of̃O(n(ω+3)/2) for the
approximate-shortest-path computation. The greatest possible distance error isn(ω−1)/2. Thus the
algorithm identifies 2n(ω−1)/2 possibleLCAh candidates for every pair. We perform a transiti
closure operation (using fast matrix multiplication) to allow for fast access to a node’s anc
We findA(x)∩S andA(y)∩S in O(n(ω−1)/2) operations, and we identify the node of maximu
depth inO(n(ω−1)/2) operations as well. Thus we useO(n(ω−1)/2) operations per pair, and th
total running time of the algorithm isO(n(ω+3)/2). �
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4.3. A simpler ancestor-list-based all-pairs LCA algorithm

In this section we give anO(n3) algorithm for the all-pairs-representative LCA. This alg
rithm is easily implementable, is efficient on low and high density DAGs, and performs
in our experiments. In contrast, the subcubic algorithm from Section 4.2 uses the fast m
multiplication algorithm of Coppersmith and Winograd [10] and is considered impractical.
pler algorithms that are easier to implement have inconsistent performance over DAG d
ranges. We present an experimental study of theO(n3) algorithm in Section A.2. The algorithm
proceeds as follows.

First add a nodev to the DAGG, and add directed edges fromv to all sources inG. The
addition ofv guarantees that every two nodes have an LCA. Ifv is reported as a representat
LCA for nodesx andy thenx andy have no common ancestors inG.

PreprocessG by partitioning the set of edges into two sets:S1 is the set of edges of a spanni
treeT of G, andS2 is composed of the remaining edges, which make up the DAGD = (V ,S2).
Label the vertices ofT by depth, breaking ties arbitrarily. The same labels are used forD. Create
a list Lv for each vertexv, which contains the ancestors ofv in D, includingv itself. Proceed
from vertex 0 until vertexn − 1. Sort the lists according to the first appearance of their nod
an Euler tour ofT .

Lemma 4.3. The list-construction stage of the ancestor-list-based LCA algorithm is comp
in Θ((n − 1)

∑
x∈V |Lx |) ∈ O(n3) operations.

We compute pairwise LCA in DAGG by performing queries in the treeT . Let LCAT stand for
an LCA computation on the treeT , and letLCAG stand for an LCA computation on the DAGG.
We arrive at the following lemma:

Lemma 4.4. For nodesx, y ∈ G, a greatest depth node in the set{LCAT (u, v): u ∈ Lx, v ∈ Ly}
is LCAG(x, y).

LCAG(x, y) can be computed by making all pairwiseLCAT queries betweenLx andLy , and
choosing theLCAT of greatest depth. Each query usesO(n2) LCAT operations, and the al
pairs computation is inO(n4). Next we show how to prune out unnecessary LCA queries iT ,
and computeLCAG usingO(n) constant timeLCAT queries. This query speed up leads to
O(n3) all-pairs computation. Lemma 2.3 establishes the equivalence betweenLCAT (u, v) and
A(RMQ(E(u),E(v))), whereA[1, . . . ,2n − 1] in an array representation of the Euler tour ofT ,
andE(v) is the index of the first occurrence of nodev in A. An LCAG(x, y) is a maximum-depth
LCAT (u, v), whereu ∈ Lx andv ∈ Ly . The depth ofLCAT (x, y) is greater or equal to the dep
of LCAT (z, t) if [x, y] is a subrange of[z, t] in A. ThereforeLCAT (z, t) cannot be a new node o
greatest depth in the pairwise LCA set, and the queryLCAT (z, t) can be pruned out. LetL be the
result of an order-preserving merge ofLx andLy . To find LCAG(x, y) select the greatest dep
node from{LCAT (�i, �i+1): �i ∈ Lx, �i+1 ∈ Ly or �i ∈ Ly, �i+1 ∈ Lx}.

Lemma 4.5. A queryLCAG(x, y) is completed inO(|Lx | + |Ly |) operations.

Proof. Let A[1, . . . ,2n − 1] be an array representation of the Euler tour ofT and E(v) the
index of the first occurrence of nodev in A. For nodesx, y ∈ G, consider the two ancesto
lists Lx = x1, . . . , xq andLy = y1, . . . , yt . According to Lemma 4.4,LCAG(x, y) is the node
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of greatest depth in{LCAT (u, v): u ∈ Lx, v ∈ Ly}, and according to Lemma 2.3LCAT (u, v) =
A[RMQ(E(u),E(v))]. We observe thatA[RMQ(E(u),E(v))] � A[RMQ(E(u),E(�))] if E(u) <

E(v) < E(�). Without loss of generality, letE(xi) < E(yj ) then LCAT (xi, yj ) is the node of
greatest depth in{LCAT (xi, v): v ∈ yj , . . . , yt }. Let L = �1, . . . , �q be a merged list ofLx and
Ly according to the first occurrence in the Euler tour ofT . Then LCAG(x, y) is the node of
greatest depth in{LCAT (�i, �i+1): �i ∈ Lx, �i+1 ∈ Ly or �i ∈ Ly, �i+1 ∈ Lx}. �
Theorem 4.3. All-pairs-representative LCA is computed inO((n − 1)

∑
x∈V |Lx |) operations.

4.4. A lower bound for all-pair LCA

We show that the all-pairs-LCA problem in DAGs is as hard as transitive closure by red
transitive closure in directed graphs to the all-pairs-LCA problem in DAGs. Begin by red
transitive closure in directed graphs to transitive closure in DAGs, then reduce transitive c
in DAGs to the all-pairs-LCA problem in DAGs. The following lemma is a attributed to folklo
and its proof is omitted.

Lemma 4.6. Transitive Closure in DAGs is as hard as Transitive Closure in directed graphs

We next prove that the set of lowest common ancestorsSLCA(x, y) containsx and onlyx if
and only ifx is an ancestor ofy:

Lemma 4.7. SLCA(x, y) = {x} if and only ifx � y.

Proof. Clearlyx � y impliesx ∈ SLCA(x, y). The proof thatx is the only element inSLCA(x, y)

follows by contradiction. Assumeq �= x is an element ofSLCA(x, y). By the definition of
SLCA(x, y), q � x andq � y. But, q ≺ x and is not a maximum element of{z | z � x ∨ z � y}.
Thereforeq cannot be inSLCA(x, y). The only-if direction is trivial. �

Finally, we obtain the desired theorem:

Theorem 4.4. All-pairs LCA in DAGs is transitive closure hard.

Proof. Computing transitive closure of a directed graph reduces to computing transitive c
of a DAG by Lemma 4.6. The elements of the transitive-closure matrixTC of a DAG can be
described in the following way.TCij = 1 if i is an ancestor ofj , andTCij = 0 otherwise. By
Lemma 4.7,i is an ancestor ofj if and only if i = LCA(i, j). ThenTCij = 1 if and only if
i = LCA(i, j) andTCij = 0 otherwise. �
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Appendix A. Experimental results for LCA in trees and DAGs

We implemented a range of LCA algorithms for trees and DAGs. In this appendix we p
a study of the performance of these algorithms on various input data. Our goal is to demo
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ease of implementation8 and investigate the practicality of the algorithms. For trees, we pinp
the threshold single-child probability (skewness) when the query times of our algorithm
shorter than the query time of the naïve algorithm. For DAGs, we demonstrate that the an
list-based all-pairs LCA algorithm given in Section 4 performs well on both low and high e
density random DAGs.

The experiments are conducted on an Ultra-SPARC machine with 2250 MHZ CPUs,
off-chip L2 cache and 2 GB memory running SunOS 5.6, and a 300 MHZ Pentium-II
256 KB L2 cache and 384 MB memory running Red-Hat Linux 6.2. Studying the perform
of these space-intensive algorithms on two different architectures helps us reach conclusi
are less system specific.

A.1. Experiments on trees

We tested three tree LCA algorithms:

(1) a simple cache-optimized algorithm that uses no preprocessing,
(2) theΘ(n logn) preprocessing time andΘ(1) query-time algorithm, and
(3) theΘ(n) preprocessing time andΘ(1) query-time algorithm. We refer to these algorith

as naïve,Θ(n logn), andΘ(n) algorithms, respectively.

Test data generation.To test the LCA algorithms we generated random binary trees, w
each internal node in the tree has a single child with probabilityα. Thus, we useα as a knob
that controls the depth and density of the tree. The nodes are stored in depth-first order to
the number of cache misses per query in the naïve algorithm. We report average query
random queries performed on randomly generated trees of given depth.

Results. We compared the performance of the three algorithms on well balanced and s
binary trees. The naïve LCA algorithm is best for small balanced trees. For larger trees
kind, theΘ(n logn) algorithm has the best query time. However, the preprocessing tim
the Θ(n logn) algorithm may dwarf the query time when the number of queries is small.
expected query time of theΘ(n) algorithm is less than that of the naïve algorithm only wh
the tree is very skewed. For binary trees of less than one million nodes, the query time oΘ(n)

algorithm is faster (on our ultra SPARC machine) than that of the naïve algorithm only wh
probability of a single child is greater than 0.93, implying that the expected tree depth is ro
14 log2 n. The gap in query time performance increases inversely with the probability of a s
offspring.

Figures 6 and 7 show the query time for all three algorithms with various values ofα and
tree sizes. The query performance of the naïve algorithm depends on the tree’s depth, w
a function of bothα andN . The query performance of theΘ(n logn) and theΘ(n) algorithms
depends only on the number of table lookups performed. The choice of the appropriate tre
algorithm depends on the number of nodes in the tree, the number of queries expected,
depth of the tree constructed. Figures 6 and 7 also show the preprocessing time for thΘ(n)

8 Implementations are available at http://www.cs.pdx.edu/~ps/code/soda01 (titled “All-Pairs Lowest Common
tors in Trees and Directed Acyclic Graphs”) and http://www.cs.pdx.edu/~ps/code/zack (titled “LCA Wizard”).
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Fig. 6. Query time comparison (milliseconds) for skewed binary trees of different depths (expressed by the nu
nodes in millions), on an Ultra-SPARC. The knobα controls the single-child probability (skewness) when generating
tree.

Fig. 7. Query time comparison (milliseconds) for skewed binary trees of different depths (expressed by the nu
nodes in millions), on a Pentium-II. The knobα controls the single-child probability (skewness) when generating
tree.

and theΘ(n logn) algorithms for various trees sizes. Note that the preprocessing time do
depend onα.

There is a performance gap between the query time of theΘ(n) and theΘ(n logn) algorithms,
despite the fact that both queries do nothing more than a constant number of array lookup
gap is because theΘ(n) algorithm query is composed of up to three queries of theΘ(n logn)

algorithm.
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A.2. Experiments on DAGs

We evaluate our ancestor-list-based all-pairs-representative LCA algorithm on both spa
dense graphs. We compare its performance to that of the following two algorithms:

• Naïve. The naïve algorithm simply walks up the DAG to find the ancestors of the qu
nodes, from which it chooses a node of greatest depth. In the preprocessing stage, we
the DAG in breadth-first manner and assign depth to every node. This depth assig
requiresΘ(n + m) operations. We expect this algorithm to perform well on sparse gra
and especially well on star trees, where the LCA is found after at most 2 parent looku
one comparison.

• Matrix-multiplication transitive-closure-based LCA.This algorithm computes the transitiv
closure of the DAG using matrix multiplication in the preprocessing stage to answer q
efficiently. To find the common ancestors of a given pair of nodesx andy, a binary AND
on the rowsx andy of the transitive-closure matrix is performed. The representative
is chosen by selecting a deepest common ancestor. This algorithm preprocesses t
using logn matrix multiplications, and answers queries inΘ(n) time. We use the PhiPa
[6,7] package for fast matrix multiplication. We expect this algorithm to perform we
dense graphs.

Test data generation.We generated random DAGs of increasing density to test the efficien
the three algorithms. A DAG is constructed by first generating a star and then adding extra
between randomly chosen nodes. This method allows us to control the density of the DA
trees are chosen as a starting point for the construction because they are the best-case
for the naïve algorithm.

Fig. 8. All-pairs-LCA time (seconds) as a dependent on the number of nodes (expressed in thousands) for vari
densities by the naïve, transitive closure, and ancestor-list-based LCA algorithms on an Ultra-SPARC. DAG d
varied by randomly adding edges to a star tree.
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Fig. 9. All-pairs-LCA time (seconds) as a dependent on the number of nodes (expressed in thousands) for vari
densities by the naïve, transitive closure, and ancestor-list-based LCA algorithms on a Pentium-II. DAG density
by randomly adding edges to a star tree.

Results. We tested the three algorithms, naïve LCA, transitive-closure-based LCA
ancestor-list-based LCA, on the following DAG types: (1) star shaped DAGs, (2) star s
DAGs augmented withn random edges, (3) star shaped DAGs augmented withn lgn random
edges, and (4) complete DAGs. The results for all-pairs LCA are given in Figs. 8 and 9. Alth
the ancestor-list-based LCA is not asymptotically better than the transitive-closure-based
our experimental results suggest that it outperforms the other two algorithms.

The transitive-closure algorithm performsΘ(n) operations per query, independently of t
density of the DAG. The naïve algorithm performs better than the transitive-closure algo
in sparse DAGs, but its performance reduces dramatically in dense DAGs. The naïve alg
traversesO(n2) edges per query, making the total running time for all-pairs LCAO(n4). The
ancestor-list-based algorithm outperformed the naïve algorithm even on star trees, which
best-case instances for the naïve algorithm; it outperformed the transitive-closure-base
algorithm on dense graphs, which are best-case instances for the transitive-closure-bas
algorithm. Our experiments suggest that the ancestor-list-based algorithm has good perfo
for DAGs of all densities; it has optimal performance for trees and is the best for dense DA
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