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Abstract

We study the problem of findingpwest common ancestofsCA) in trees andlirected acyclic graphs
(DAGS. Specifically, we extend the LCA problem to DAGs and study the LCA variants that arise in this
general setting. We begin with a clear exposition of Berkman and Vishkin’s simple optimal algorithm for
LCA in trees. Their ideas lay the foundation for our work on LCA problems in DAGs. We present an
algorithm that finds all-pairs-representative LCA in DAGs(n288) operations, provide a transitive-
closure lower bound for the all-pairs-representative-LCA problem, and develop an LCA-existence algorithm
that preprocesses the DAG in transitive-closure time. We also present a suboptimal but paa(oft?t)al
algorithm for all-pairs-representative LCA in DAGs that uses ideas from the optimal algorithms in trees
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and DAGs. Our results reveal a close relationship between the LCA, all-pairs-shortest-path, and transitive-
closure problems.

We conclude the paper with a short experimental study of LCA algorithms in trees and DAGs. Our
experiments and source code demonstrate the elegance of the preprocessing-query algorithms for LCA in
trees. We show that for most trees the subopti@at logn)-preprocessing (1)-query algorithm should
be preferred, and demonstrate that our propaded?) algorithm for all-pairs-representative LCA in DAGS
performs well in both low and high density DAGs.

0 2005 Elsevier Inc. All rights reserved.

Keywords:Lowest common ancestor (LCA); Directed cyclic graph (DAG); Range minimum query (RMQ); Shortest
path; Cartesian tree

1. Introduction

One of the fundamental algorithmic problems on trees is how to findoilvest common
ancestor(LCA) of a given pair of nodes. The LCA of nodesandv in a tree is the ancestor of
andv that is located farthest from the root. The LCA problem is stated as follows: Given a rooted
tree T, how canT be preprocessed to answer LCA queries quickly for any pair of nodes? The
LCA problem has been studied intensively both because it is inherently beautiful and because
fast algorithms for the LCA problem can be used to solve other algorithmic problems.

In this paper we introduce a natural extension of the LCA problem to directed cyclic graphs
(DAGSs), and we study the LCA variants that arise. Many combinatorial problems that require
finding nearest common ancestors cannot be solved using the tree-LCA algorithm because the
ancestor queries apply to more complicated directed structures. Nykanen and Ukkonen [23] give
a linear-time preprocessing, constant-time-query algorithm for the LCA in arbitrarily directed
trees. They ask whether it is possible to preprocess a DAGrif) to support® (k)-time set-

LCA queries, where a set-LCA query returnsialbwest common ancestors of the given pair. In
compiler design, the idea of preprocessing the object-inheritance taxonomy for fast LCA queries
was introduced by Ait-Kaci et al. [1]. They consider the problem of LCA on lattices and lower
semi-lattices (where a node pair has a unique LCA), which are used to represent inheritance
graphs. Ducournau, Habib, Huchard, and Spinrad [11,17] consider the problem of finding mod-
ular coverings in inheritance graphs (the LCA can be used to find a maximum covering). Their
objective is to decompose lower semi-lattices into modules that can be queried faster.

We develop algorithms for efficiently answering lowest-common-ancestor queries in DAGS.
An LCA w of nodes: andv in a DAG is an ancestor of bothandv wherew has no descendants
that are also ancestors of bathandv. We present ar(n2) all-pairs algorithm for answering
representative lowest-common-ancestor queries on DAGs in constant time. Our algorithm is also
the firsto(n2) preprocessing algorithm for constant time LCA queries in lower semi-lattices. It
is an open question whether our approach can be extended to answer the more general set-LCA
guestion posed by Nykanen and Ukkonen.

Lowest-common-ancestor queries in general DAGs appear in a variety of applications, includ-
ing the following:

e Object inheritance in programming language3bject-oriented programming languages
such as C++ and Java provide object inheritance, whose structure is analyzed in various
stages of compilation and execution. Objects are instances of classes organized in a patrtial
order, and their inheritance depends on the temporal order in which the objects are defined.
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The idea of formalizing object inheritance in lattice-theoretic terms has been proposed by
[1,12,13,16,18,21,24] and others. The LCA operation is central to such object inheritance
formalizations because it is the natural method to resolve object dependence.

o Lattice operations for complex systertgorithms on lattices are used to model the dynamic
and static behavior of complex systems arising in distributed computing [8,20,22]. LCA
queries arise in computing the covering of maximal ideal lattices.

1.1. Results

We show how to preprocess the DAG to answer queries in constant time about whether nodes
x andy have a common ancestor. We improve on the naive®) algorithm and present an
O (n®) algorithm, wherew ~ 2.376 is the exponent of the fastest known matrix-multiplication
algorithm of Coppersmith and Winograd [19].

We give an algorithm that solves the all-pair representative-LCA problem for DAGs in
O (n@+3/2) ~ 0 (n%588) time by establishing a relationship between the LCA and the all-pairs-
shortest-path problem. The best known preprocessing algorithm for lower semi-lattices runs in
0 (n®) operations forO (log?n) queries [1]. Lower semi-lattices have a unique LCA for each
node pair, and our all-pair representative-LCA algorithm is the first to find all-pairs LCAs in
lower semi-lattices im(n®). We also show a complementary lower bound for the all-pairs LCA
in DAGs by giving a reduction from the transitive-closure problem.

We show a chain of reductions between the all-pairs-LCA problem, the all-pairs-shortest-
path problem, the transitive-closure problem, and variants of these problems. Specifically,
we reduce the all-pairs-representative-LCA problem to the all-pairs-shortest-path problem,
the transitive-closure problem to the all-pairs-representative-LCA problem, and the all-pairs-
common-ancestor-existence problem to the transitive-closure problem. This relationship is given
in Fig. 1.

All-Pairs Common
Ancestor Existance

i

Transitive Closure

Directed Graphs
All-Pairs All-Pairs All-Pairs
Shortest LCA — | Representative Shortest Ancestral
Distance — | LCA Distance

1 t

All-pairs Shortest All-pairs Shortest
Path in Weighted Path in Unweighted

DAGs DAGs

Fig. 1. Reduction chain of problems investigated in this paper. Arrows are in the reduction direction.

5 We say thatf(n) = O(g(n)) if 3¢ such thatf(n) = O(g(n)logt n), and f(n) = B (g(n)) if Ic such thatf(n) =
O(g(n)log- n).



78 M.A. Bender et al. / Journal of Algorithms 57 (2005) 75-94

We present a simple optimal LCA algorithm for trees, which is just a sequentialization of the
more complicated PRAM algorithm of Berkman and Vishkin [4]. This algorithm was known to
Berkman and Vishkin and is not a novel theoretical contribution. In an appendix we present an
experimental study, comparing the algorithm with a naive algorithm and an efficient but asymp-
totically suboptimal algorithm. Through this presentation, we lay to rest the folk belief that LCA
is too complicated to teach and implement.

We introduce an easily implementable LCA algorithm for DAGs. Like the tree-LCA algo-
rithms, this algorithm answers LCA queries by answering RMQ queries. We compare this new
algorithm to an intelligent straightforward algorithm and to an algorithm based on the transi-
tive closure. The straightforward algorithm outperforms the transitive-closure-based algorithm
for sparse DAGs, whereas the transitive-closure-based algorithm outperforms the straightfor-
ward algorithm for dense DAGs. Our algorithm does not guarantee better asymptotic behavior,
however it impressively outperforms the other two on all our test instances. Thus, the tools for
optimal LCA in trees seem useful for constructing good LCA algorithms for DAGs.

1.2. Organization

The paper is organized as follows. In Section 2 we present Berkman and Vishkin’s simple tree-
LCA algorithm [4]. In Section 3 we define the lowest common ancestors in DAGS. In Section 4
we present an efficient algorithm to determine common-ancestor existence. Then we present
an o(n®) algorithm and a near-matching lower bound for the all-pairs-LCA problem. Finally,
in Appendix A we present experimental comparisons of several LCA algorithms for trees and
DAGs.

2. LCAintrees

Tarjan [26] was the first to study the LCA problem in trees, and he considered both its off-
line and online settings. Harel and Tarjan gave important upper and lower bounds for the LCA
problem [19]. In 1984 Gabow et al. [14] showed that the LCA problem was linearly equivalent
to the (one-dimensional) Range Minimum Query problem, which will be further discussed in
this section. Gabow, Bentley, and Tarjan were concerned with multidimensional range searching,
and did not present an optimal solution to the LCA problem but their work provides the basis
for much of this section. In 1988 Schieber and Vishkin [25] introduced an LCA algorithm with
optimal asymptotic bounds. Berkman and Vishkin [4] presented a PRAM algorithm that uses
©® (n) operations to preprocess the tree for answering queriédtn)) time. The main techni-
cal difficulty of their work is in achieving the parallel bounds, and the sequential LCA algorithm
presented in this section was known to them but omitted from their manuscript. An optimal dy-
namic algorithm was given by Cole and Hariharan [9]. Other LCA algorithms on trees can be
found in [5,27,28].

The folk wisdom of algorithm designers holds that the LCA problem still has no imple-
mentable optimal solution. Thus, according to hearsay, it is better to have a solution to a problem
that does not rely on LCA precomputation if possible. We argue that this folk wisdom is wrong.
Stripped of its PRAM complications, Berkman and Vishkin’s sequential algorithm is not only a
simplifiedLCA algorithm, but asimpleLCA algorithm.

The key to the algorithm lies in the work of Gabow et al. [14]. The Range Minimum Query
problem turns out to have a cute solution using standard ideas such as table lookups (see e.g.,
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[15]). This was the approach of Berkman and Vishkin [4] in their PRAM algorithm, and their
optimal sequential LCA algorithm is an elegant and direct application of these ideas.

2.1. Algorithms for LCA in trees

We begin by defining théowest Common Ancest@ctCA) Problemin trees formally; see
Fig. 2.

Problem 2.1. TheLowest Common Ancestor (LCA)roblem

Structureto preprocess. A rooted tree T having n nodes.

Query: For nodes: andv of treeT, queryLCA7 (u, v) returns the lowest common ancestonof
andv in T, that is, it returns the node farthest from the root that is an ancestor of batid v.
(When the context is clear, we drop the subscFipin theLCA.)

TheRange Minimum QuerRMQ) Problem which seems quite different from the LCA prob-
lem, is, in fact, intimately linked.

Problem 2.2. TheRange Minimum Query (RMQproblem

Structureto preprocess. A length n array A of numbers.

Query: For indicesi and j betweerl andn, queryRMQ, (i, j) returns the index of the smallest
element in the subarras[i, ..., j]. (When the context is clear, we drop the subscApin the
RMQ.)

In order to simplify the description of algorithms that have both preprocessing and query
complexity, we introduce the following notation. If an algorithm has preprocessing fimge
and query timeg(n), we will say that the algorithm has complexity (n), g(n)).

Solutions to the LCA problem are derived from solutions to the RMQ problem. Thus, before
proceeding, we present the reduction from the LCA problem in trees to the RMQ problem, as
given by Gabow et al. [14]. The following simple lemma establishes this reduction.

Lemma 2.3. If there is an(f (n), g(n))-time solution for RMQ, then there is aif (2n — 1) +
O(n), g(2n — 1) + O(1))-time solution for LCA.

N
il

Fig. 2. The common ancestors of nodeandy are marked in boldface. The LGA, y) is the common ancestor af
andy that is farthest away from the root.
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As we will see, the® (n) term in the preprocessing comes from the time needed to create the
soon-to-be-presented length 2 1 array, and the (1) term in the query comes from the time
needed to convert the RMQ answer on this array to an LCA answer in the tree.

Proof. Let T be the input tree. The reduction relies on one key observation:

Observation 2.1. The LCA of nodest andv is the shallowest node encountered between the
visits tou and tov during a depth first search traversaliof

Therefore, the reduction proceeds as follows.

(1) LetarrayE[1,...,2n — 1] store the nodes traversed in an Euler tour of the Tr&eThat is,
E[i] is the label of théth node traversed in the Euler tour Bf

(2) Letthelevelof a node be its distance from the root. Compute the level drfay. . ., 2n — 1],
whereL[i] is the level of nodeE[i] of the Euler tour.

(3) Lettherepresentativefa node in an Euler tour be the index of first occurrence of the node in
the tour’; formally, the representative ofis min{j: E[j] =i}. Compute the representative
arrayR[1,...,n], whereR[i] is the representative of node

Each of these three steps takeé:) time, yielding® (n) total time. To computecAr (x, y),
we note the following:

e The nodes in the Euler tour between the first visita @nd tov are E[R[u], ..., R[v]] (or
E[R[v],..., Rul]).

e The shallowest node in this subtour is at ineexQ; (R[u], R[v]), sinceL[i] stores the level
of the node afE[i], and the RMQ will thus report the position of the node with minimum
level. (Recall Observation 2.1.)

e The node at this position IB[RMQ,, (R[u], R[v])], which is thus the output afcA7 (u, v).

Thus, we can complete our reduction by preprocessing level drrilly RMQ. As promised,

L is an array of sizei2— 1, and building it takes timé& (n). Thus, the total preprocessing is
f(2n — 1)+ ©(n). To calculate the query time observe that an LCA query in this reduction uses
one RMQ query inL and three array references@tl) time each. The query thus takes time
g(2n — 1) + © (1), and we have completed the proof of the reduction.

From now on, we focus only on RMQ solutions. We consider solutions to the general RMQ
problem as well as to an important restricted case suggested by thd atragirray L from the
above reduction adjacent elements differb¥ or —1. We obtain thist1 restriction because,
for any two adjacent elements in an Euler tour, one is always the parent of the other, and so their
levels differ by exactly one. Thus, we consider thERMQ problem as a special case.

6 The Euler tour off is the sequence of nodes we obtain if we write down the label of each node each time it is
traversed during a DFS. The array of the Euler tour has length 2 because we start at the root and subsequently
output a node each time we traverse an edge. We traverse each:of thedges twice, once in each direction.

7 In fact, any occurrence ofwill suffice to make the algorithm work, but we consider the first occurrence for the sake
of concreteness.
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2.2. A naive solution for RMQ

RMQ has a solution with complexity® (22), © (1)): build a table storing answers to all of the
n? possible queries. To achie®n?) preprocessing rather than tii»3) naive preprocessing,
apply a trivial dynamic program. Answering an RMQ query now requires just one array lookup.

2.3. Afaster RMQ algorithm

We will improve the(® (n2), © (1))-time brute-force table algorithm for (general) RMQ. The
idea is to precompute each query whose length is a power of two. That is, forieévetween 1
andn and everyj between 1 and log, we find the minimum element in the block starting at
and having length 2 that is, we comput@/[i, j] = min{A[k]: k=i,...,i +2/ —1}. TableM
therefore has siz® (nlogn), and we fill it in time® (nlogn) by using dynamic programming.
Specifically, we find the minimum in a block of sizé By comparing the two minima of its
two constituent blocks of size/21. More formally, M[i, j1= M[i, j — 1] if A[M[i, j — 1]] <
A[M[i +2/71 -1, j —1]]andM[i, j1= M[i + 2/~1, j — 1] otherwise.

How do we use these blocks to compute an arbitramg(i, j)? We select two overlapping
blocks that entirely cover the subrange: 1&tk the size of the largest block that fits into the
range fromi to j, thatis letk = [log(j —i +1)]. ThenrRMQ(i, j) can be computed by comparing
the minima of the following two blocks: to i + 2 — 1(M (i, k)) and j — 2 + 1 to j(M(j —

2 + 1,k)). These values have already been computed, so we can find the RMQ in constant
time.

This gives theSparse Tabl¢ST) algorithm for RMQ, with complexity(® (nlogn), @ (1)).

The table is indexed using @istance, array indéxtuple. Notice that the total computation to
answer an RMQ query involves two subtractions, two 2-dimensional array references, a mini-
mum and a truncated-log operation. The truncated-log operation does not require a table lookup
in most modern processors, and can be seen as finding the most significant bit of a word. Notice
that we must have at least one array indexing operation in our algorithm, since Harel and Tar-
jan [19] showed that a pointer-algorithm LCA computation has a lower boursel(lafg logn)
operations.

Below, we will use the ST algorithm to build an even faster algorithm forth&MQ prob-
lem.

2.4. A(®(n), ©®(1))-time algorithm for£1RMQ

Suppose we have an arrdywith the 1 restriction. We will use a table-lookup technique to
precompute answers on small subarrays, thus removing the log factor from the preprocessing. To
this end, partitionA into blocks of size 12 - logn. (Without loss of generality assume logds
even.) Define an arraj’[1, ..., 2n/logn], whereA'[i] is the minimum element in thigh block
of A. Define an equal size arrady, whereB[i] is a position in theth block in which valueA’[i]
occurs. Recall that RMQ queries return the position of the minimum and that the LCA to RMQ
reduction uses the position of the minimum, rather than the minimum itself. Thus, we will use
array B to keep track of where the minima i came from.

The ST algorithm runs on array in time (© (n), ®(1)). Having preprocessed’ for RMQ,
consider how we answer any queRwQ(i, j) in A. The indices and j might be in the same
block, so we have to preprocess each block to answer RMQ queries: ff are in different
blocks, then we can answer the quenQ(i, j) as follows. First compute the values:
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(1) The minimum from forward to the end of its block.
(2) The minimum of all the blocks in betweeis block and;’s block.
(3) The minimum from the beginning gfs block to ;.

The query will return the position of the minimum of the three values computed. The second
minimum is found in constant time by an RMQ eri, which has been preprocessed using the
ST algorithm. But, we need to know how to answer range minimum queries inside blocks to
compute the first and third minima, and thus to finish off the algorithm. Thus, the in-block queries
are needed whethérand j are in the same block or not. (ifand j are not in the same block
prefix minima and suffix minima suffice.)

Therefore, we focus now only on in-block RMQs. If we simply performed RMQ preprocess-
ing on each block, we would spend too much time in preprocessing. If two block were identical,
then we could share their preprocessing. However, it is too much to hope for that blocks would be
so repeated. The following observation establishes a much stronger shared-preprocessing prop-
erty.

Observation 2.2. If two arraysX[1,...,k] andY[1,..., k] differ by some fixed value at each
position, that is, there isasuch thatX[i] = Y[i] + ¢ for everyi, then all RMQ answers will be
the same foX andY. In this case, we can use the same preprocessing for both arrays.

Thus, we camormalizea block by subtracting its initial offset from every element. We now
use thet1 property to show that there are few kinds of normalized blocks.

Lemma 2.4. There are® (4/n) kinds of normalized blocks.

Proof. Adjacent elements in normalized blocks differ ¥y or —1. Thus, normalized blocks
are specified by a1 vector of length(1/2 - logn) — 1. There are 8/2109-1 — g (,/n) such
vectors. O

We are now basically done. We cre&¢./n ) tables, one for each possible normalized block.
In each table, we put alll/2 - logn)? = (~)(Iog2n) answers to all in-block queries. This gives
a total of ® (/nlog?n) total preprocessing of normalized block tables, @ad) query time.
Finally, compute, for each block iA, which normalized block table it should use for its RMQ
queries. Thus, each in-block RMQ query takes a single normalized-block table lookup.

Overall, the total space and preprocessing used for normalized block table taties is
©®(n) and the total query time i®(1).

2.5. Wrapping up

We started out by showing a reduction from the LCA problem to the RMQ problem, but with
the key observation that the reduction actually leadstd RMQ problem.

We gave a trivial(® (n?), © (1))-time table-lookup algorithm for RMQ, and show how to
sparsify the table to get &9 (nlogn), ®(1))-time table-lookup algorithm. We used this latter
algorithm on a smaller summary arrdy and needed only to process small blocks to finish the
algorithm. Finally, we notice that most of these blocks are the same, from the point of view of
the RMQ problem, by using th&1 assumption given by the original reduction.
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2.6. A fast algorithm for RMQ

We have g8© (n), ©®(1)) £1RMQ. Gabow and Tarjan [15] show that the general RMQ can be
solved in the same complexity. They do this by reducing the RMQ problem to the LCA problem!
Thus, to solve a general RMQ problem, one would convert it to an LCA problem and then back
to a+1RMQ problem.

The following lemma and proof from [15] establishes the reduction from RMQ to LCA.

Lemma 2.5. If there is a{® (n), ©® (1)) solution for LCA, then there is &9 (n), ® (1)) solution
for RMQ.

We will show that the® (n) term in the preprocessing comes from the time needed to build
the Cartesian tree of and the® (1) term in the query comes from the time needed to convert
the LCA answer on this tree to an RMQ answerAn

Proof. Let A[1L, ..., n] be the input array.

The Cartesian tree of an array is defined as follows. The root of a Cartesian tree is the mini-
mum element of the array, and the root is labeled with the position of this minimum. Removing
the root element splits the array into two pieces. The left and right children of the root are the
recursively constructed Cartesian trees of the left and right subarrays, respectively.

A Cartesian tree can be built in linear time as follows. Supp@sés the Cartesian tree of
A[1,...,i]. To build C;41, we notice that node + 1 will be at the end of the rightmost path
of C;+1, so we climb up the rightmost path 6§ until finding the position wheré+ 1 belongs.

Each comparison either adds an element to the rightmost path or removes one, and each node
can only join the rightmost path and leave it once. Thus the total time to 6yild ® (n).
The reduction is as follows.

e Let C be the Cartesian tree af. Recall that we associate with each nodeCithe corre-
sponding toA[i] with the index:.

Claim 2.1. RMQ4 (i, j) = LCA¢(, j).

Proof. Consider the lowest common ancestgrpf i andj in the Cartesian tre€. In the re-
cursive description of a Cartesian tréeis the first node that separatesnd j. Thus, in the
array A, elementA[k] is between element$[i] and A[ j]. FurthermoreA[k] must be the small-
est such element in the subartaj, .. ., j] since otherwise, there would be a smaller elentént
in A[i, ..., j] that would be an ancestor bin C, andi and;j would already have been separated
by k'

More concisely, since is the first element to splitandj, it is between them because it splits
them, and it is minimal because it is the first element to do so. Thus it is the RMQ.

We see that we can complete our reduction by preprocessing the Cartesi@nftnreeCA.
TreeC takes time® (r) to build, and becausg is ann node tree, LCA preprocessing takesn)
time, for a total of® (n) time. The query then take’d(1), and we have completed the proof of
the reduction. O
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3. Definitionsfor LCA in DAGs

We now present two equivalent definitions for the LCA in DAGSs; see Fig. 3. For the special
case where the DAG is a tree, we obtain the standard tree-LCA definition.

Definition 3.1. Let G = (V, E) be a DAG, and let,y € V. Let G, be the subgraph o
induced by the set of all common ancestors@ndy. DefinesLCA(x, y) to be the set of out-
degree 0 nodes (leafs) i@, ,. The lowest common ancestors.ofand y are the elements of
SLCA(x, y).

Observe that there may be as many¥as— 2 distinct lowest common ancestors of a given pair
of nodes in DAGs, whereas the LCA in trees is unique.

We introduce some terminology. Waximum elemerit a partially ordered set is an element
m such that no member of the set is greater tharThetransitive closureGy = (V, Ey) of a
DAG G = (V, E) is a graph such that, j) € Ey if and only if there is a path fromto j in G.
The transitive closure of any DAG forms a partially ordered set.

Ait-Kaci et al. [1] describe the LCA is in terms of partially ordered sets.

Definition 3.2. For any DAGG = (V, E), we define the partially ordered sgt= (V, <) as
follows: elementi < j if and only if i = j or (i, j) is in the transitive closuré&y of G.
Let SLCA(x, y) be the set of the maximum elements of the common ancestdr set< x A
z <y} C V. The lowest common ancestorsxofndy are the elements &fLCA(x, y).

We answer LCA queries by returningrepresentative elemeffiom SLCA(x, y). Typically,
we find the representative LCA that is closesttand y in the DAG. This closest element is
useful in applications such as genealogy. In many common applications such as algorithms on
semi-lattices, the set LCA consists of a single element.

We identify the representative element by definingdiepthof a nodex. Note that the fol-
lowing depth definition applies to both positive weighted and unweighted edges.

Definition 3.3. The depth of node in a DAG, deptlix), is the length of the longest path from a
source tox.

LCAK.Y) LCAX,Y)

Fig. 3. The common ancestors of nodesndy appear shaded. The saiCA(x, y) is composed of all common ancestors
of x andy with no common ancestor descendants. The lowest common ancestoasd§ (appear lightly shaded) are
exactly the elements a&fLCA(x, y).
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Based on node depth, we find an LCA using the following lemma:

Lemma 3.1. The node of greatest depth in a DAG that is an ancestor of bathd y is a lowest
common ancestor of and y.

4. Finding all-pairsLCA in DAGs

We first give an algorithm for the all-pairs-common-ancestor-existence problem in DAGs.
Then we give an algorithm for the all-pairs-representative-LCA problem. We conclude the sec-
tion by showing that the all-pairs-LCA problem is transitive-closure hard.

In our algorithms we compute the answers to (éju queries in the preprocessing stage.
Then we answer queries by performing table lookups. We show how to build the binary
common-ancestor-existence matrix @(n®) operations and the representative-LCA matrix
in O(n@+3/2) operations. The fastest known matrix-multiplication algorithm to date runs in
0 (n®) where,w =~ 2.376 [10]. Thus, our all-pairs-common-ancestor-existence algorithm runs in
time O (n%37%), and our all-pairs-representative-LCA algorithm runs in tieh@2588).

4.1. The common-ancestor-existence algorithm

Pairs of nodes in a DAG may not have any common ancestors, in contrast to pairs of nodes
in a tree. Here we show how to determine whether two nodes share common ancestors. In the
representative-LCA computation, we can then assume that LCA existence has been verified.

The preprocessing step consists of a transitive-closure computation on aryragtich is
constructed fronG as follows: Reverse the edgesdhto form the DAGG’. Combine these
two graphs by merging the sinks 6f with the sources of5. We call the resulting graph;
see Fig. 4. Every vertex in F — G is a reflection of some in G. The nodesc andy have a
common ancestor if and only ', y) is in the transitive closure af .

Thus, we obtain the following theorem:

Theorem 4.1. The ancestor-existence matrix can be computed in transitive-closure time.
4.2. The all-pairs LCA algorithm

We solve the LCA problem by exploiting the close relationship between the LCA and all-
pairs-shortest-path problems. By computing shortest paths, we can isolate a sublinear number of

potential LCA nodes, from which we choose the node of greatest depth, which by Lemma 3.1 is
an LCA.

N
S

Fig. 4. Doubling the DAG by reflecting through the sources. The original graph has bold edges.
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In trees, the depth afca(x, y) and the distance between the nodes(dist) are related as
follows:

dist(x, y) = depthx) + depth(y) — 2depti{LCA(x, y)). (1)
This relationship holds in trees because of the following two properties:

Property 1. The orderx < y implies thatdepth(x) < depth(y).
Property 2. For x < y, the length of the shortest path fronto y is depth(y) — depth(x).

We define arancestral patlfrom x to y in G as a path that is composed of the shortest path
from x up to some common ancestoconcatenated with the shortest path frerdown toy.
The path fromx to z goes against the directions of the edges, and the pathztom goes along
the direction of the edges.

We construct a weighted DAG., which reduces the representative-LCA problem to the
shortest-path problem. The DAG is constructed in two stages. First we add weights;to
so that Properties 1 and 2 hold hand so thaho two nodes have the same deptfe use the
weighted DAGG to construct weighted DAQ. so that the ancestral pathsdhare exactly the
paths inL. Finding the length of the shortest pathl/irdetermines the depth of the representative
LCA. Since no two nodes have the same depth, knowing the depth of the representative LCA
uniquely determines the representative LCA.

We assign edge weights i@ as follows. We begin by calculating node depths in the un-
weighted version oz according to Definition 3.3; thus Property 1 is satisfied. Then we find a
linear extension as follows: We sort all the nodes in the (unweighted) grap their depth,
arbitrarily breaking ties. Each node’s order in this linear extension will bedatgdepth. Then
we assign weights to all edges dhaccording to Property 2 to achieve the desired node depth.
Specifically, given(u, v) € E we setweighiv) = depthv) — depthu). This weight assignment
guarantees that Properties 1 and 2 hold and that no two nodes have the same depth.

Next we show that the farthest common ancestor from the root is an LCA. We do so by defin-
ing the seSLCA(x, y) and proving that it is a subset 8f CA(x, y). Note that in our construction
SLCA;(x, y) contains a single element.

Definition 4.1. Let SLCA, (x, y) be the set of common ancestorsxoénd y that have greatest
depth. AnLCA (x, y) is an element oLCA, (x, ).

Lemma 4.1. The set of common ancestors of greatest depth is a subset of the set of lowest
common ancestors. That B,.CA;, (x, y) C SLCA(x, y).

Now we construct the weighted DAG from the weighted DAGG. Let G' = (V', E’) be
the graph constructed froii by reversing all edges ir. We combineG andG’ by adding a
zero-weight edgév’, v) for all v € G’ andv € G. The resulting graph i4.; see Fig. 5. This
construction ensures that the ancestral patls are maintained ir.. We show in the following
lemma that the shortest path frorhto y goes through thecay, (x, y):

Lemma 4.2. The shortest path from nodé to nodey in graph L goes through theca (x, y).

Proof. We assume that andy have a common ancestor & and therefore that such a path
exists inL. If x is a descendant of, the length of the shortest path from to y (it goes
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a b
d €
?\
f @ 2@

Fig. 5. The original DAGG is on the left. On the right we show constructed fronG.

throughy’) is depthix) — depth(y). Theny is the onlyLCA(x, y) in G and the lemma holds.
Otherwise, any path from’ to y must go through some common ancestand be of the form
/

x',...,7,z,...,y, which is of length deptix) + depth(y) — 2 depthz). The shortest path then,
passes through the common ancestor of greatest depth whichLisAhéx, y). O

We use the all-pair approximate shortest path algorithm given by Zwick [29] to approximate
the depth of the representative LCA. We choose this approximation algorithm beca@igéno
exact all-pairs shortest path algorithm is known for DAGs with large weights/amy have
edge weights as large as- 1. Zwick’s algorithm approximates the shortest path to withind
using 5((}1‘”/8) log(W/¢)) operations, wher® is an upper bound for the weight of the greatest
edge. Given the approximate shortest path we deduce the approximate depth of the LCA using
Eq. (1).

Once we know the approximate depth of the LCA, we sift through the candidates to find
the LCA itself. Since depths are unique and the shortest path can have length atmo2f 2
there are® (en) LCA candidates of consecutive depths. In order to sift through the candidates
we precompute the transitive closure bbfto determine ancestry relation in constant time. We
choose the LCA candidate of greatest depth that is a common ancestor.

We optimize the value foe. Since there ar@ (n°) pairs, and each pair requires examin-
ing ®(en) nodes to find the common ancestor of greatest depth, we expénd®) work to
find the LCAs after we are given the all-pairs-approximate-shortest-path matrix. Computing all-
pairs-approximate-shortest path requiég(n“’/e)log(W/s)) operations. Modulo logarithmic
terms, we optimize for by equating terms and setting= n(“~3/2, Given this value foe, our
algorithm runs in timeD (n@*+3/2). We obtain the following theorem:

Theorem 4.2. An all-pairs-LCA matrix for a DAGG can be found ir0 (n@+3/2) time.

Proof. Observe that thé has no edge weights greater thasincen is the depth of the deepest
node in the graph. We set= n@~3/2 which leads to a running time a (n©@*3/2) for the
approximate-shortest-path computation. The greatest possible distance#ftoMi&. Thus the
algorithm identifies 2@—1/2 possibleLca,, candidates for every pair. We perform a transitive-
closure operation (using fast matrix multiplication) to allow for fast access to a node’s ancestors.
We findA(x)N S andA(y)N S in O (n@~D/2) operations, and we identify the node of maximum
depth inO (n®~D/2) operations as well. Thus we ugkn©@~1/2) operations per pair, and the
total running time of the algorithm i® (n@+3/2). o
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4.3. A simpler ancestor-list-based all-pairs LCA algorithm

In this section we give a® (n3) algorithm for the all-pairs-representative LCA. This algo-
rithm is easily implementable, is efficient on low and high density DAGs, and performs well
in our experiments. In contrast, the subcubic algorithm from Section 4.2 uses the fast matrix-
multiplication algorithm of Coppersmith and Winograd [10] and is considered impractical. Sim-
pler algorithms that are easier to implement have inconsistent performance over DAG density
ranges. We present an experimental study ofalte®) algorithm in Section A.2. The algorithm
proceeds as follows.

First add a node to the DAG G, and add directed edges fromto all sources inG. The
addition ofv guarantees that every two nodes have an LCA.iff reported as a representative
LCA for nodesx andy thenx andy have no common ancestorséh

Preprocess by partitioning the set of edges into two sefsis the set of edges of a spanning
treeT of G, andS, is composed of the remaining edges, which make up the DAG (V, S>).

Label the vertices of by depth, breaking ties arbitrarily. The same labels are useb f@reate

a list L,, for each vertex, which contains the ancestors oin D, includingv itself. Proceed
from vertex O until vertexx — 1. Sort the lists according to the first appearance of their nodes in
an Euler tour ofr.

Lemma 4.3. The list-construction stage of the ancestor-list-based LCA algorithm is completed
inO((n—1Y .y L) € O(n® operations.

We compute pairwise LCA in DAG by performing queries in the trde LetLCcA stand for
an LCA computation on the treg, and letLCcA stand for an LCA computation on the DAG.
We arrive at the following lemma:

Lemma4.4. For nodesy, y € G, a greatest depth node in the §eCA7 (u, v): u € Ly, ve Ly}
iSLCAG(x, y).

LCAg(x, y) can be computed by making all pairwiseAr queries betwee#, andL,, and
choosing theLcA7 of greatest depth. Each query us@$:2) LCAr operations, and the all-
pairs computation is i) (n*). Next we show how to prune out unnecessary LCA querieg,in
and computeCA¢ using O (n) constant time.CA7 queries. This query speed up leads to an
O (n®) all-pairs computation. Lemma 2.3 establishes the equivalence beteeer(u, v) and
A(RMQ(E (u), E(v))), whereA[l, ..., 2n — 1] in an array representation of the Euler tourfgf
andE (v) is the index of the first occurrence of nodé A. An LCAg(x, y) is a maximum-depth
LCAT(u,v), whereu € L, andv € L,. The depth oL.CcAr(x, y) is greater or equal to the depth
of LCAT(z,t) if [x, y]is a subrange dt, ¢] in A. ThereforeLCA7(z, t) cannot be a new node of
greatest depth in the pairwise LCA set, and the quemyy(z, t) can be pruned out. Ldt be the
result of an order-preserving mergelof andL,. To find LCAg(x, y) select the greatest depth
node from{LCAT(¢;, £iy1): €i € Ly, Liz1€eLyord; e Ly, £iy1€ Ly}

Lemma4.5. A queryLCAg(x, y) is completed inD (|L,| + |L,|) operations.
Proof. Let A[1,...,2n — 1] be an array representation of the Euler tourfofnd E (v) the

index of the first occurrence of nodein A. For nodesx, y € G, consider the two ancestor
lists Ly =x1,...,x; andLy = y1,..., y;. According to Lemma 4.4,.CAg(x, y) is the node
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of greatest depth ifiLCA7 (1, v): u € Ly, v € Ly}, and according to Lemma 2.XA7 (1, v) =

A[RMQ(E (1), E(v))]. We observe thad [RMQ(E (1), E (v))] = A[RMQ(E (1), E(0)] if E(u) <

E(v) < E(£). Without loss of generality, leE(x;) < E(y;) thenLCA7(x;, y;) is the node of
greatest depth ifLCAT (x;,v): v € yj,...,y:}. LetL = {4, ..., £, be a merged list oL, and
L, according to the first occurrence in the Euler tourfofThenLCcAg(x, y) is the node of
greatest depth ifLCAT (¢;, £i11): € € Ly, £iy1eLyoré; €Ly, €iy1€Ly}. O

Theorem 4.3. All-pairs-representative LCA is computeddn((n — 1) > . |L«|) operations.
4.4. Alower bound for all-pair LCA

We show that the all-pairs-LCA problem in DAGs is as hard as transitive closure by reducing
transitive closure in directed graphs to the all-pairs-LCA problem in DAGs. Begin by reducing
transitive closure in directed graphs to transitive closure in DAGs, then reduce transitive closure
in DAGs to the all-pairs-LCA problem in DAGs. The following lemma is a attributed to folklore,
and its proof is omitted.

Lemma 4.6. Transitive Closure in DAGs is as hard as Transitive Closure in directed graphs.

We next prove that the set of lowest common ancestotA(x, y) containsy and onlyx if
and only ifx is an ancestor of:

Lemma4.7. SLCA(x, y) = {x} ifand only ifx < y.
Proof. Clearlyx < y impliesx € SLCA(x, y). The proof thak is the only elementisLCA(x, y)
follows by contradiction. Assumeg # x is an element oSLCA(x, y). By the definition of
SLCA(x, y), g < x andg < y. But,¢ < x and is not a maximum element &f | z < x vV z < y}.
Thereforeg cannot be irsLCA(x, y). The only-if direction is trivial. O

Finally, we obtain the desired theorem:
Theorem 4.4. All-pairs LCA in DAGs is transitive closure hard.
Proof. Computing transitive closure of a directed graph reduces to computing transitive closure
of a DAG by Lemma 4.6. The elements of the transitive-closure maighof a DAG can be
described in the following wayl'C;; = 1 if i is an ancestor of, andTC;; = 0 otherwise. By
Lemma 4.7, is an ancestor of if and only if i = LCA(i, j). ThenTC;; =1 if and only if
i =LCA(i, j) andTC;; = 0 otherwise. O
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Appendix A. Experimental resultsfor LCA in treesand DAGs

We implemented a range of LCA algorithms for trees and DAGs. In this appendix we present
a study of the performance of these algorithms on various input data. Our goal is to demonstrate
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ease of implementatifrand investigate the practicality of the algorithms. For trees, we pinpoint
the threshold single-child probability (skewness) when the query times of our algorithms are
shorter than the query time of the naive algorithm. For DAGs, we demonstrate that the ancestor-
list-based all-pairs LCA algorithm given in Section 4 performs well on both low and high edge-
density random DAGs.

The experiments are conducted on an Ultra-SPARC machine with 2250 MHZ CPUs, 1 MB
off-chip L2 cache and 2 GB memory running SunOS 5.6, and a 300 MHZ Pentium-Il with
256 KB L2 cache and 384 MB memory running Red-Hat Linux 6.2. Studying the performance
of these space-intensive algorithms on two different architectures helps us reach conclusions that
are less system specific.

A.l. Experiments on trees

We tested three tree LCA algorithms:

(1) a simple cache-optimized algorithm that uses no preprocessing,

(2) the® (nlogn) preprocessing time ané (1) query-time algorithm, and

(3) the®(n) preprocessing time an@ (1) query-time algorithm. We refer to these algorithms
as naive@ (nlogn), and® (n) algorithms, respectively.

Test data generation. To test the LCA algorithms we generated random binary trees, where
each internal node in the tree has a single child with probahilitfhus, we user as a knob

that controls the depth and density of the tree. The nodes are stored in depth-first order to reduce
the number of cache misses per query in the naive algorithm. We report average query time for
random queries performed on randomly generated trees of given depth.

Results. We compared the performance of the three algorithms on well balanced and skewed
binary trees. The naive LCA algorithm is best for small balanced trees. For larger trees of any
kind, the ® (nlogn) algorithm has the best query time. However, the preprocessing time for
the ® (nlogn) algorithm may dwarf the query time when the number of queries is small. The
expected query time of th@ (n) algorithm is less than that of the naive algorithm only when
the tree is very skewed. For binary trees of less than one million nodes, the query tinie)of
algorithm is faster (on our ultra SPARC machine) than that of the naive algorithm only when the
probability of a single child is greater than 0.93, implying that the expected tree depth is roughly
14log, n. The gap in query time performance increases inversely with the probability of a second
offspring.

Figures 6 and 7 show the query time for all three algorithms with various valuesaofl
tree sizes. The query performance of the naive algorithm depends on the tree’s depth, which is
a function of bothw and N. The query performance of th@(n logn) and the® (n) algorithms
depends only on the number of table lookups performed. The choice of the appropriate tree-LCA
algorithm depends on the number of nodes in the tree, the number of queries expected, and the
depth of the tree constructed. Figures 6 and 7 also show the preprocessing time @&gnihe

8 Implementations are available at http://www.cs.pdx.edu/~ps/code/soda01 (titled “All-Pairs Lowest Common Ances-
tors in Trees and Directed Acyclic Graphs”) and http://www.cs.pdx.edu/~ps/code/zack (titled “LCA Wizard").
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Fig. 6. Query time comparison (milliseconds) for skewed binary trees of different depths (expressed by the number of
nodes in millions), on an Ultra-SPARC. The knelzontrols the single-child probability (skewness) when generating the
tree.
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Fig. 7. Query time comparison (milliseconds) for skewed binary trees of different depths (expressed by the number of
nodes in millions), on a Pentium-Il. The knebcontrols the single-child probability (skewness) when generating the
tree.

and the® (n logn) algorithms for various trees sizes. Note that the preprocessing time does not
depend onx.

There is a performance gap between the query time adtta and the® (n logn) algorithms,
despite the fact that both queries do nothing more than a constant number of array lookups. This
gap is because the (n) algorithm query is composed of up to three queries oféle logn)
algorithm.
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A.2. Experiments on DAGs

We evaluate our ancestor-list-based all-pairs-representative LCA algorithm on both sparse and

dense graphs. We compare its performance to that of the following two algorithms:

o Naive The naive algorithm simply walks up the DAG to find the ancestors of the queried
nodes, from which it chooses a node of greatest depth. In the preprocessing stage, we traverse
the DAG in breadth-first manner and assign depth to every node. This depth assignment

requires® (n + m) operations. We expect this algorithm to perform well on sparse graphs,
and especially well on star trees, where the LCA is found after at most 2 parent lookups and

one comparison.

e Matrix-multiplication transitive-closure-based LCAhis algorithm computes the transitive
closure of the DAG using matrix multiplication in the preprocessing stage to answer queries
efficiently. To find the common ancestors of a given pair of nodesidy, a binary AND
on the rowsr andy of the transitive-closure matrix is performed. The representative LCA
is chosen by selecting a deepest common ancestor. This algorithm preprocesses the DAG
using logn matrix multiplications, and answers queriesé@r(n) time. We use the PhiPac
[6,7] package for fast matrix multiplication. We expect this algorithm to perform well on

dense graphs.

Test data generation. We generated random DAGs of increasing density to test the efficiency of

the three algorithms. A DAG is constructed by first generating a star and then adding extra edges
between randomly chosen nodes. This method allows us to control the density of the DAG. Star
trees are chosen as a starting point for the construction because they are the best-case instances
for the naive algorithm.

Star Trees With N Extra Edges
450 17 1200 71— 17
375 . — 1000 —
300 — 800 .
225 — 600 _|
150 — 400 + _
75 — 200 —
0 e 0 L e il
0 2 25 0 05 1 15 2 25

2500 | | I 700 | —
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2000
500 f+ TC -~ -

1500 400 + RMQ ——
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0 - | 0 | o |
03 06 09 1.2 0 02 04 06 08 1

Fig. 8. All-pairs-LCA time (seconds) as a dependent on the number of nodes (expressed in thousands) for various DAG
densities by the naive, transitive closure, and ancestor-list-based LCA algorithms on an Ultra-SPARC. DAG density is

varied by randomly adding edges to a star tree.
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Fig. 9. All-pairs-LCA time (seconds) as a dependent on the number of nodes (expressed in thousands) for various DAG
densities by the naive, transitive closure, and ancestor-list-based LCA algorithms on a Pentium-Il. DAG density is varied
by randomly adding edges to a star tree.

Results. We tested the three algorithms, naive LCA, transitive-closure-based LCA and
ancestor-list-based LCA, on the following DAG types: (1) star shaped DAGs, (2) star shaped
DAGs augmented witlk random edges, (3) star shaped DAGs augmented miglz random
edges, and (4) complete DAGs. The results for all-pairs LCA are given in Figs. 8 and 9. Although
the ancestor-list-based LCA is not asymptotically better than the transitive-closure-based LCA,
our experimental results suggest that it outperforms the other two algorithms.

The transitive-closure algorithm perfornis(n) operations per query, independently of the
density of the DAG. The naive algorithm performs better than the transitive-closure algorithm
in sparse DAGs, but its performance reduces dramatically in dense DAGs. The naive algorithm
traversesO (n?) edges per query, making the total running time for all-pairs L@f&%). The
ancestor-list-based algorithm outperformed the naive algorithm even on star trees, which are the
best-case instances for the naive algorithm; it outperformed the transitive-closure-based LCA
algorithm on dense graphs, which are best-case instances for the transitive-closure-based LCA
algorithm. Our experiments suggest that the ancestor-list-based algorithm has good performance
for DAGs of all densities; it has optimal performance for trees and is the best for dense DAGs.
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